In the present work, geodesic trajectories in Kerr-de Sitter geometry is analyzed. From the mathematical solution of Lagrangian formalism appropriate to motions in the equatorial plane (for whichθ = 0 and θ = (constant)= π/2) can give potential energy of massive and massless particles for rotating axisymetric black hole. From this, for a particular value of cosmological constant, Kerr parameter, mass, angular momentum and impact parameter; variation of potential with distance can be found. Similarly, for a particular value of cosmological constant, mass and Kerr parameter; variation of velocity with distance can be found.
Introduction
Cosmological constant Λ was introduced by Einstein to balance the evolutionary models with repulsion to set a steady state. He abandoned it later as a blunder. When Hubble expansion was seen, it has now returned with a vengeance as the accelerating expansion to contribute 75% of the density of the universe as dark energy. Λ can also be introduced as the vacuum energy that is required to drive inflation (Akcay, 2009 ). The accelerating expansion may even be interpreted as the continuation of inflation, possibly at a slower rate than in the early universe.
The concept of space and time can be made from the study of black holes of the nature. A black hole is supposed to possess three physical properties: mass, angular momentum and charge. Charged black hole is expected to absorb the opposite charge and become neutral. The trajectory, of massive and massless particles in various geometries, is described by the geodesics. In particular, the behaviour of massive and massless objects around a spherically symmetric gravitating body is described by Schwarzschild formalism. Schwarzschild space-time is a solution obtained from the Einstein's field equations that is static. When we introduce Λ in Schwarzschild space-time solution, we obtain Schwarzschild-de Sitter space-time. Unlike Schwarzschild solution, Kerr solution is an axi-symmetric solution of Einstein's field equations corresponding to a rotating black hole. A rotating black hole in asymptotically de-Sitter space-time can be described by Kerr-de Sitter geometry.
The Geodesics in the Equatorial Plane in Kerr-de Sitter spacetime
The geodesics in the equatorial plane can be delineated in very much as in schwarzschild: the energy and angular momentum integrals will suffice to reduce the problem to one of the quadratures. But two essentials differences must be kept in mind. First, a distinction should be made between direct and retrograde orbits whose rotation about the axis of symmetry are in the same sense or in opposite sense to that of the black hole. And second, the co-ordinate φ, like the co-ordinate t, is not a good co-ordinate for describing what really happens with respect to a co-moving observer: a trajectory approaching the horizon ( at r + or r − ) will spiral round the black hole an infinite co-ordinate time t to cross the horizon; and neither will be the experience of the co-moving observer.
The lagrangian appropriate to motions in the equatorial plane ( for whichθ = 0 and θ= a constant= π 2 ) is
and we deduce from it that the generalized momenta are given by,
and
where we have used superior dots to denote the differentiation with respect to an affine parameter τ .
The constancy of p t and p φ follows from the independence of the lagrangian on t and φ which, in turn, is a manifestation of the stationary and the axisymmetric character of Kerr-de sitter geometry.
The Hamiltonian is given by
and from the independence of the Hamiltonian on t, we deduce that
we can set, for time like geodesics, δ 1 = 1 and for null geodesics, δ 1 = 0 (Setting δ 1 = 1 for time like geodesics requires E to be interpreted as the specific energy or energy per unit mass) solving equations (2) and (3), forφ andṫ, we obtaiṅ
and inserting these solutions in equation (6)
Now, to find velocity of test particle, we know
where
The rotational velocity of test particle in the orbit around the central mass is
The quantitative feature of geodesic motion in the equatorial plane is very illustrative, henceforthθ = 0 and θ = π/2 and equation (9) simplifies tȯ
The Null Geodesics
As we have noted, δ 1 = 0 for null geodesics and the radial equation (13) becomeṡ
i.e.
In our further considerations, it will be more convenient to distinguish the geodesics by the impact parameter
The special case: when D = a We observe that geodesics with impact parameter D = a and L = aE play, in the present context, the same as the geodesics in the Schwarzschild and in the Reissner-Nordstorm geometry. Thus in the case, equation (16) reduce toṙ
The radial coordinate is described uniformly with respect to the affine parameter while the equation governing t and φ are dt dr
In general it is clear that we must distinguish orbits with impact parameters greater than or less than a certain critical value D c , which will in turn be different for the direct and retrograde orbits. For D = D c , the geodesic equations allow an unstable circular orbit of radius r c (say). For D > D c we shall have orbits of two kinds: those of the first kind which arriving from infinity, have perihelion distances greater than r c ; and those of the second kind which having apehelion distances less than r c , terminate at the singularity r = 0. For D = D c the orbits of two kinds coalesce: they both spiral, indefinitely about some unstable circular orbit at r = r c . For D < D c , there are orbits of one kind: arriving from infinity, they cross both horizons and terminate at the singularity.
The equations determining the radius r c of the unstable circular 'photon orbits' are
From these equations, we conclude that
Inserting the last relation in the equation (18), we find that the equation can be reduced to
This cubic equation can be solved by the standard method by changing variable
where, for simplicity if we consider
Then,
and,
We must now distinguish the a > 0 and a < 0 corresponding to the direct and retrograde orbits. For a > 0
and for −a = |a| > 0
where,
and, for a = 0 we have ϕ = 5π 6 so that
Turning to the equations governing to the orbits when the impact parameter has the critical value D c , and the expression on the left hand side of equation (18) allows a double root, we find that the equation can be reduced to the formṙ
Equation (27) can be integrated directly to give
But if we wish to exhibit the orbit in the equatorial plane, we may combine it with the equatioṅ
and from equations (27) and (29), we obtain
From equations (28) and (30) orbits are derived. They exhibit the features we have already described. The nature of orbits in general, can be visualized from the orbits with the critical impact parameters illustrated.
Time Like Geodesics
For time like geodesics, equations for forφ andṫ remain unchanged, but equation (13) with δ 1 = 1 is given bẏ
where E is now to be interpreted as the energy per unit mass of the particle describing the trajectory.
i) The spacial case, L=aE, Time like geodesics with L=aE, are of interest in that their behavior as they cross the horizon is characteristic of the orbits in general.
ii) The circular and associated orbits:
We now turn to a consideration of the radial equation (31) 
Effective potential approprite for time like trajectories
In equation (31)ṙ 2 is interpreted as kinetic energy. As we know total energy is the sum of kinetic energy and potential energy, in equation (31) potential energy can be given as
As in our considerations, it will be more convenient to find effective potentials by the impact parameter
Introducing impact parameter in above equation, effective potential in time like geodesic becomes
For some typical values of the parameters Λ, D, L and a we can display potential-energy curve with the variation of distance from the center. The minima in the potentials corresponds to the stable circular orbits while maxima corresponds to unstable circular orbits. At the point of inflection the last stable circular orbit occurs.
Figure 1: Potential-energy curves appropriate for time-like trajectories in Kerr-de Sitter space time.
Rotational velocity in time like trajectory
As in the Schwarzschild and the Reissner-Nordstrom geometric, the circular orbits play an important role in the classification of the orbits. Besides, they are useful in providing simple examples of orbits which exhibit the essential features at the same time; and this is, after all, the reason for studying the geodesics.
We seek then the values of L and E which a circular orbit at some assigned radius, r = 1 u , will have. When L and E have these values, the cubic polynomial on the right-hand side of equation (35) will have a double root. The conditions for the occurrence of a double root, after substituting x = L − aE are,
and differentiating equation (38) with respect to r
Equations (38) and (39) can be written to give
after substituting this value of E in previous equation we get,
which is in the form of quadratic equation in x 2 i.e.
a(x
The discriminant
of this equation is
Thus we can find solution of equation (42) as
Therefore,
From equations (43) and (44) the solution for x thus takes the simple form
The upper sign in the equations apply to retrograde orbits and lower sign apply to direct orbits. Using value of x in equation (40),
and thus, L = aE + x i,e;
Here E and L are the energy and the angular momentum per unit mass, of a particle describing a circular orbit of reciprocal radius u. Now, using the values of L, x and E to find velocity of test particle, we know
Thus, using these values rotational velocity we obtained as
In the limit Λ −→ 0
which is for Kerr space-time metric. Similarly, in the limit a −→ 0,
Which is the Schwarzschild de-Sitter limit. 
i.e;
Analysis of geodesic motion in Kerr-de Sitter space-time
The time-like geodesics motion in Kerr-de Sitter space-time is one of the complicated problem. The equation of motion in circular orbit is a non linear. It has distance from center as independent parameter and velocity as dependent parameter. It contains mass, cosmological constant and angular momentum or spinning constant or rotational Kerr parameter as constant parameters. For different values of mass, cosmological constant and Kerr parameter; nature of geodesic motion can be displayed which are as follows:
1)The rotational velocity increases with mass (M) keeping cosmological constant non-negative. For non-negative value of Λ; 'v' vs 'r' curves do not meet to each other while they meet after a certain point for negative value of Λ. The value of meeting point depends upon the value of Λ. The plots of 'v' vs 'r' curves are shown in fig. 2 .
2)The curvature is dependent on value of Λ. For non negative value of Λ velocity decreases as distance increases while velocity increases with distance for negative value of Λ keeping mass constant. The plot showing different curves due to the variation of Λ is shown in fig. 2 .
3)Since a appears as multiplicative factor with mass (M) and lies in the range 0.1 − 1.0, its effect in curvature is found to be negligible as shown in fig. 3 . 
Application of geodesic motion in Kerr-de Sitter space-time
In this section we intend whether geodesic motion in Kerr-de Sitter space-time could be applied or not. So, we focused our interest to the database of rotational curves data of galaxies which were well fitted to our problems. For this we took non-linear curve fit statistics for which R-square and adjusted R-square errors in such a way that it should be non negative. We selected 30 galaxies and fitted the values of mass (M), cosmological constant (Λ) and rotational Kerr parameter (a). Among 30 galaxies, the values of rotational velocity (v) and the distance from the galactic center (r) for 28 galaxies are taken from the database provided by Sofue et al. (2007) and that for the rest 2 galaxies (NGC 3379 and NGC 4100) are taken from the data digitized by Software 'Labfit' from the literatures of Brownstein & Moffat (2005) . We used software Matlab7.6 to carry out non-liner least square curve fit method to estimate the values of M, Λ and a. In this parametric curve fitting M, Λ and a were obtained as unknown coefficients from our equation of motion.
Out of 30 galaxies we could fit positive cosmological constant for 23 galaxies while it was negative for 7 galaxies. To find the unknown parameters we analyzed the nature of curve of equation of motion in Kerr-de Sitter space-time and fitted with rotation curves data of galaxies. As discussed in above section, it is found that the rotational velocity in the flat portion in the rotation curves data of galaxies increases with mass (M) keeping Λ non negative. Similarly, curvature is found to be dependent on the value of Λ. For non negative value of Λ velocity decreases as distance increases while for negative value it increases as distance increases keeping mass constant. We found value of a has negligible contribution in the curvature but it affects in goodness of fit statistics. So we minimized the errors associated with it. Thus we fitted rotation curves data for most appropriate values of mass (M), cosmological constant (Λ) and Kerr parameter (a).
The value of cosmological constant is found to lie within the range of (1. for negative value of Λ. Among positive values the least value is found for the galaxy NGC 3521 and maximum is found for the galaxy NGC 3034. Similarly, among negative values maximum is found for NGC 2708 and minimum value value is found for NGC 3495. Negative cosmological constants were found to fit for the galaxies which are high red shifted spiral galaxies. Exception to these is NGC 4569 which is high blue shifted having radial velocity equals -235 km/s. This is found to be Sab morphological type and having LINER activity. Galaxies having low value of radial velocities (∼ -300 km/s to 1116 km/s) were found to fit with positive cosmological constants. Exception to these are NGC 1097, NGC 1365, NGC 4321 and NGC 4565 (∼ 1230 km/s to 1636 km/s). We have found greater value (∼ 10 −42 km −2 to 10 −47 km −2 ) of cosmological constants for galaxies NGC 1808, NGC 3034, NGC 3521, NGC 4736 and NGC 5194. Out of which NGC 1808, NGC 3034 are found to be of active galaxies and NGC 5194 (M51) shows peculiar characteristics (Sofue et al., 1999) . While NGC 4736 is found to be of Sab type and having radial velocity equals 606 km/s. In general, we found cosmological constant in the range of 10 The estimated mass of the galaxies lie in the range of (0.12 ± 0.02) × 10 10 M ⊙ to (70.37 ± 11.26) × 10 10 M ⊙ where 1M ⊙ = 1.989 × 10 30 kg which are also in good agreement with other estimated values found in literatures. Value of mass is found small (0.73 ± 0.12) × 10 10 M ⊙ for NGC 3034 which is Ir II type and have positive value of Λ. While value of mass (0.12 ± 0.02) × 10 10 M ⊙ ) is found for NGC 3495 which is Sd type and have negative cosmological constant. Greater value of mass is found for NGC 1097 which is of SBb type. We had also calculated mass of elliptical galaxy NGC 3379 whose value is found to fit with (1.027 ± 0.164) × 10 11 M ⊙ . In general mass is found to lie in the range 10 9 M ⊙ to 10 11 M ⊙ for spiral barred and unbarred galaxies.
Similarly value of Kerr parameter we fitted lie in the range of (0.7044±0.1127) to (0.9990±0.1598). These are the values that could have minimum error in non-linear least square curve fitting. Small value (0.7044±0.1127) of a is found for NGC 4736 which is early type barred spiral (Sab) type and it has small mass while greater value (0.9990±0.1598) is found for NGC 3379 which is of elliptical type. Recent measurements of the Kerr parameters a for two stellar sized black-hole binaries in our Galaxy (Shafee et al. 2006) for GRO J1655-40 and 4U 1543-47 are estimated to fall in the range a = 0.65 − 0.75 and a = 0.75 − 0.85, respectively. Our estimated values are quite reasonable because we know that spin angular momentum for a collective mass of the galaxy has always higher value than for a black hole mass. We found most of our estimated massive galaxies (> 50%) are fitted with the higher value of a. Since spin of barred and unbarred galaxies not only mass dependent but also depends on their local inner activities such as starbursts as well as globular cause such as its neighbouring galaxies, its position in galaxy cluster etc. These results might be interesting in the future studies.
The best fitted graph of some galaxies are shown in fig.(5) . The detailed best fitted values of mass (M), cosmological constant (Λ), Kerr parameter (a) and errors associated with it are given in Table (1) .
Conclusion
For some typical values of the parameters Λ, D, L and a there exists a potential-energy curve. The minima in the potentials corresponds to the stable circular orbits while maxima corresponds to unstable circular orbits. At the point of inflection the last stable circular orbit occurs.
The value of the rotational velocity in the flat portion in the rotation curves data of galaxies is found to be increased with mass (M) keeping cosmological constant (Λ) non-negative. But, that for a constant negative value of Λ, 'v' vs 'r' curves meet after a certain distance. The meeting point is observed to be dependent on the value of Λ.
The Curvature of rotation curve data of Galaxies is found to be dependent on the value of Λ keeping mass constant. For non negative value of Λ, velocity (v) decreases as distance from galactic center (r) increases while for negative value of Λ velocity (v) increases as the distance increases. Thus Λ is found to be a essential parameter to fit the curvature of rotation curves data of galaxies.
Since Kerr parameter lies in the range of 0.1 to 1.0 and appears as coefficient of mass in our equation of motion, it has negligible contribution in 'v' vs 'r' curve. But it has an effect in goodness of fit statistics, particularly in non-linear least square curve fitting.
The value of mass (M) of galaxies is estimated in the range of (0.12±0.02)×10 10 M ⊙ to (70.37±11.26)×10 10 M ⊙ . NGC 1097 is found to be more massive than others which is of SBb type. Least mass (0.12 ± 0.02) × 10 10 M ⊙ is found for NGC 3495 which is fitted for negative cosmological constant and is of Sd type. Value of mass is found small (0.73 ± 0.12) × 10 10 M ⊙ for NGC 3495 which is Ir II type. In general mass is found to lie in the range 10 9 M ⊙ to 10 11 M ⊙ for spiral barred and unbarred galaxies.
The nature of cosmological constant fitted for galaxies were found to depend upon radial velocities of galaxies. Discarding exceptional cases, for the higher values of radial velocity cosmological constants were found to be negative while positive for small values of RV. This suggest some local phase transition effects at the time when the high redshift galaxies were formed.
The value of Cosmological Constant is found to fall within the range of (1.790 ± 0.286) × 10 −49 km −2 to (7.523 ± 1.204)×10 The value of Kerr parameter lies in the range of (0.7044±0.1127) to (0.9990±0.1598). Small value, i.e., (0.7044±0.1127) of a is found for NGC 4736 which is Sab type galaxy. It has small mass while greater value (0.9990±0.1598) is found for NGC 3379 which is elliptical type.
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